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RICHARDSON VARIETIES HAVE KAWAMATA LOG TERMINAL SINGULARITIES
SHRAWAN KUMAR AND KARL SCHWEDE
Abstract. Let Xvw be a Richardson variety in the full flag variety X associated to a symmetrizable
Kac-Moody group G. Recall that Xvw is the intersection of the finite dimensional Schubert variety Xw
with the finite codimensional opposite Schubert variety Xv. We give an explicit Q-divisor ∆ on Xvw
and prove that the pair (Xvw,∆) has Kawamata log terminal singularities. In fact, −KXvw − ∆ is ample,
which additionally proves that (Xvw,∆) is log Fano.
We first give a proof of our result in the finite case (i.e., in the case when G is a finite dimensional
semisimple group) by a careful analysis of an explicit resolution of singularities of Xvw (similar to
the BSDH resolution of the Schubert varieties). In the general Kac-Moody case, in the absence of
an explicit resolution of Xvw as above, we give a proof that relies on the Frobenius splitting methods.
In particular, we use Mathieu’s result asserting that the Richardson varieties are Frobenius split,
and combine it with a result of N. Hara and K.-I. Watanabe relating Frobenius splittings with log
canonical singularities.
1. Introduction
Let G be any symmetrizable Kac-Moody group over C (or any algebraically closed field of
characteristic zero) with the standard Borel subgroup B, the standard negative Borel subgroup B−,
the maximal torus T = B ∩ B− and the Weyl group W. Let X = G/B be the full flag variety. For
any w ∈ W, we have the Schubert variety
Xw := BwB/B ⊂ G/B
and the opposite Schubert variety
Xw := B−wB/B ⊂ G/B.
For any v ≤ w, consider the Richardson variety Xvw which is defined to be the intersection of a
Schubert variety and an opposite Schubert variety.
Xvw := Xv ∩ Xw
with the reduced subscheme structure. In this paper, we prove the following theorem.
Main Theorem (Theorem 3.2). With the notation as above, for any v ≤ w ∈ W, there exists
an effective Q-divisor ∆ on Xvw such that (Xvw,∆) has Kawamata log terminal (for short KLT)
singularities.
Furthermore, −KXvw − ∆ is ample which proves that (Xvw,∆) is also log Fano.
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This divisor ∆, described in Section 3, is built out of the boundary ∂Xvw. As an immediate
corollary of this result and Kawamata-Viehweg vanishing, we obtain the following cohomology
vanishing (due to Brion–Lakshmibai in the finite case).
Main Corollary (Corollary 3.3). For a dominant integral weight λ, and any v ≤ w,
Hi(Xvw,L(λ)|Xvw) = 0, for all i > 0.
Note, KLT singularities are a refinement of rational singularities. In particular, every KLT sin-
gularity is also a rational singularity, but not conversely except in the Gorenstein case. We note
that, in the finite case, Richardson varieties have rational singularities [Bri05, Theorem 4.2.1],
even in positive characteristics [KLS10, Appendix]. Indeed the singularities of generalizations of
Richardson varieties has been a topic of interest lately [BiK10], [KLS10] and [KWY12].
On the other hand, KLT are the widest class of singularities for which the foundational theorems
of the minimal model program over C are known to hold [KM98]. It is well known that toric
varieties are KLT [CLS11, Section 11.4] and more generally V. Alexeev and M. Brion proved
that spherical varieties are KLT [AB04]. Recently, D. Anderson and A. Stapledon proved that the
Schubert varieties Xw are log Fano and thus also KLT [AS12], also see [Hsi11].
The proof of our main result in the finite case is much simpler than the general Kac-Moody case
and is given in Section 4. In this case we are able to directly prove that (Xvw,∆) is KLT through an
explicit resolution of singularities of Xvw due to M. Brion (similar to the Bott-Samelson-Demazure-
Hansen desingularization of the Schubert varieties).
In the general symmetrizable Kac-Moody case, we are not aware of an explicit resolution of
singularities of Xvw to proceed as above. In the general case, we prove our main result by reduction
to characteristic p > 0. In this case we use an unpublished result of O. Mathieu asserting that the
Richardson varieties Xvw are Frobenius split compatibly splitting their boundary (cf. Proposition
5.3). This splitting together with results of N. Hara and K.-I. Watanabe relating Frobenius splittings
and log canonical singularities (cf. Theorem 5.7) allow us to conclude that the pair (Xvw,∆) as above
is KLT.
Acknowledgements: We thank V. Alexeev, D. Anderson, M. Brion, M. Kashiwara and O. Mathieu
for some helpful correspondences. We also thank the referee for numerous helpful comments and
suggestions.
2. Preliminaries and definitions
We follow the notation from [KM98, Notation 0.4]. We fix X to be a normal variety over an
algebraically closed field.
Suppose that π : ˜X → X is a proper birational map with ˜X normal. For anyQ-divisor∆ = ∑i diDi
on X, we let ∆′ = π−1∗ ∆ =
∑
i diD′i denote the strict transform of ∆ defined as the Q-divisor on ˜X,
where D′i is the prime divisor on ˜X which is birational to Di under π. We let Exc(π) of π be the
exceptional set of π; the closed subset of ˜X consisting of those x ∈ ˜X where π is not biregular at x.
We endow Exc(π) with the reduced (closed) subscheme structure. An (integral) divisor D = ∑ niFi
is called a canonical divisor KX of X if the restriction Do of D, to the smooth locus Xo of X,
represents the canonical line bundle ωXo of Xo.
Assume now that KX + ∆ is Q-Cartier, i.e., some multiple n(KX + ∆) (for n ∈ N) is a Cartier
divisor. We may choose K ˜X that agrees with KX wherever π is an isomorphism and thus it follows
that there exists a (unique) Q-divisor Eπ(∆) on ˜X supported in Exc(π) such that
(1) n(K ˜X + ∆′) = π∗(n(KX + ∆)) + nEπ(∆).
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A Q-divisor D = ∑ diDi on a smooth variety ˜X is called a simple normal crossing divisor if each
Di is smooth and they intersect transversally at each intersection point (in particular, this means
that locally analytically the Di can be thought of as coordinate hyperplanes).
Let X be an irreducible variety and D a Q-divisor on X. A log resolution of (X, D) is a proper
birational morphism π : ˜X → X such that ˜X is smooth, Exc(π) is a divisor and Exc(π)∪π−1(Supp D)
is a simple normal crossing divisor. Log resolutions exist for any (X, D) in characteristic zero by
[Hir64].
Let X be a proper scheme. Then a Q-Cartier Q-divisor D is called nef (resp., big) if D · C ≥ 0,
for every irreducible curve C ⊂ X (resp., ND is the sum of an ample and an effective divisor, for
some N ∈ N) (cf. [KM98, §§0.4 and 2.5]). Recall that an ample Cartier divisor is nef and big.
Definition 2.1. Let X be a normal irreducible variety over a field of characteristic zero and let
∆ =
∑
i diDi be a Q-divisor with di ∈ [0, 1). The pair (X,∆) is called Kawamata log terminal (for
short KLT) if the following two conditions are satisfied:
(a) KX + ∆ is a Q-Cartier Q-divisor, and
(b) There exists a log resolution π : ˜X → X of (X,∆) such that the Q-divisor E = Eπ(∆) =∑
i eiEi, defined by (1), satisfies
(2) − 1 < ei for all i.
By [Deb01, Remarks 7.25], (X,∆) satisfying (a) is KLT if and only if for every proper birational
map π′ : Y → X with normal Y , the divisor Eπ′(∆) = ∑ j f jF j satisfies (2), i.e., −1 < f j , for all
j. In fact, one may use this condition as a definition of KLT singularities in characteristic p > 0
(where it is an open question whether or not log resolutions exist).
For a normal irreducible variety X of characteristic zero with a Q-divisor ∆ = ∑i diDi with
di ∈ [0, 1], the pair (X,∆) is called log canonical if it satisfies the above conditions (a) and (b) with
(2) replaced by
(3) − 1 ≤ ei for all i.
Remark 2.2. Let X be a variety of characteristic zero. It is worth remarking that if (X,∆) is KLT,
then X has rational singularities [Elk81], [KM98, §5.22]. Conversely, if KX is Cartier and X has
rational singularities, then (X, 0) is KLT [KM98, §5.24].
We conclude this section with one final definition.
Definition 2.3. If X is projective, we say that a pair (X,∆) is log Fano if (X,∆) is KLT and −KX −∆
is ample.
3. Statement of the main result and its consequences
3.1. Notation. Let G be any symmetrizable Kac-Moody group over a field of characteristic zero
with the standard Borel subgroup B, the standard negative Borel subgroup B−, the maximal torus
T = B ∩ B− and the Weyl group W (cf. [Kum02, Sections 6.1 and 6.2]). Let X = G/B be the full
flag variety, which is a projective ind-variety. For any w ∈ W, we have the Schubert variety
Xw := BwB/B ⊂ G/B
and the opposite Schubert variety
Xw := B−wB/B ⊂ G/B.
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Then, Xw is a (finite dimensional) irreducible projective subvariety of G/B and Xw is a finite
codimensional irreducible projective ind-subvariety of G/B (cf. [Kum02, Section 7.1]). For any
integral weight λ (i.e., any character eλ of T ), we have a G-equivariant line bundle L(λ) on X
associated to the character e−λ of T (cf. [Kum02, Section 7.2] for a precise definition of L(λ) in
the general Kac-Moody case). In the finite case, recall that L(λ) is the line bundle associated to
the principal B-bundle G → G/B via the character e−λ of B (any character of T uniquely extends
to a character of B), i.e.,
L(λ) = G ×B C−λ → G/B, [g, v] 7→ gB,
where C−λ is the one dimensional representation of B corresponding to the character e−λ of B and
[g, v] denotes the equivalence class of (g, v) ∈ G × C−λ under the B-action: b · (g, v) = (gb−1, b · v).
Let {α1, . . . , αℓ} ⊂ t∗ be the set of simple roots and {α∨1 , . . . , α∨ℓ } ⊂ t the set of simple coroots,
where t = Lie T . Let ρ ∈ t∗ be any integral weight satisfying
ρ(α∨i ) = 1, for all 1 ≤ i ≤ ℓ.
When G is a finite dimensional semisimple group, ρ is unique, but for a general Kac-Moody
group G, it may not be unique.
For any v ≤ w ∈ W, consider the Richardson variety
Xvw := X
v ∩ Xw,
and its boundary
∂Xvw := ((∂Xv) ∩ Xw) ∪ (Xv ∩ ∂Xw)
both endowed with reduced subvariety structure, where ∂Xw := Xw\(BwB/B) and ∂Xv := Xv\(B−vB/B).
Writing ∂Xvw = ∪iXi as the union of its irreducible components, the line bundle L(2ρ)|Xvw can be
written as a (Cartier) divisor (for justification, see § 4.5 – the proof of Theorem 3.2):
(4) L(2ρ)|Xvw = OXvw

∑
i
biXi
 , bi ∈ N := {1, 2, 3, . . . }.
Now, take a positive integer N such that N > bi for all i, and consider the Q-divisor on Xvw:
(5) ∆ =
∑
i
(
1 − bi
N
)
Xi.
The following theorem is the main result of the paper.
Theorem 3.2. For any v ≤ w ∈ W, the pair (Xvw,∆) defined above is KLT.
In fact, we will show in Lemma 4.4 that OXvw(−N(KXvw + ∆))  L(2ρ)|Xvw is ample, which proves
that (Xvw,∆) is log Fano.
We postpone the proof of this theorem until the next two sections. But we derive the follow-
ing consequence proved earlier in the finite case (i.e., in the case when G is a finite dimensional
semisimple group) by Brion-Lakshmibai (see [BL03, Proposition 1]).
Corollary 3.3. For a dominant integral weight λ, and any v ≤ w,
Hi(Xvw,L(λ)|Xvw) = 0, for all i > 0.
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Proof. By (the subsequent) Lemma 4.4, N(KXvw + ∆) is a Cartier divisor corresponding to the line
bundle L(−2ρ)|Xvw. Since λ is a dominant weight, the Q-Cartier divisor D is nef and big, where
ND is the Cartier divisor corresponding to the ample line bundle L(Nλ + 2ρ)|Xvw. Thus, the divisor
KXvw + ∆ + D is Cartier and corresponds to the line bundle L(λ)|Xvw. Hence, the corollary follows
from the Logarithmic Kawamata-Viehweg vanishing theorem which we state below (cf. [Deb01,
Theorem 7.26] or [KM98, Theorem 2.70]). 
Theorem 3.4. Let (X,∆) be a KLT pair and let D be a nef and big Q-Cartier Q-divisor on X such
that KX + ∆ + D is a Cartier divisor. Then, we have
Hi(X, KX + ∆ + D) = 0, for all i > 0.
4. Proof of Theorem 3.2: Finite case
In this section, except where otherwise noted, we assume that G is a finite dimensional semisim-
ple simply-connected group. We refer to this as the finite case.
We first give a proof of Theorem 3.2 in the finite case. In this case, the proof is much simpler
than the general (symmetrizable) Kac-Moody case proved in the next section. Unlike the general
case, the proof in the finite case given below does not require any use of characteristic p > 0
methods.
Before we come to the proof of the theorem, we need some preliminaries on Bott-Samelson-
Demazure-Hansen (for short BSDH) desingularization of Schubert varieties.
4.1. BSDH desingularization. For any w ∈ W, pick a reduced decomposition as a product of
simple reflections:
w = si1 . . . sin
and let mw : Zw → Xw be the BSDH desingularization (cf. [BK05, §2.2.1]), where w is the
word (si1 , . . . , sin). This is a B-equivariant resolution, which is an isomorphism over the cell Cw :=
BwB/B ⊂ Xw.
Similarly, there is a B−-equivariant resolution
mv : Zv → Xv,
obtained by taking a reduced word vˆ = (s j1 , . . . , s jm) for w0v, i.e., w0v = s j1 . . . s jm is a reduced
decomposition, where w0 ∈ W is the longest element. Now, set
Zv = Zvˆ,
which is canonically a B-variety. We define the action of B− on Zv by twisting the B-action as
follows:
b− ⊙ z = (w˙0b−w˙−10 ) · z, for b− ∈ B− and z ∈ Zv,
where w˙0 is a lift of w0 in the normalizer N(T ) of the torus T . (Observe that this action does depend
upon the choice of the lift w˙0 of w0.) Moreover, define the map
mv : Zv → Xv = w˙−10 Xw0v by mv(z) = w˙−10 (mvˆ(z)), for z ∈ Zv.
Clearly, mv is a B−-equivariant desingularization.
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4.2. Desingularization of Richardson varieties. We recall the construction of a desingulariza-
tion of Richardson varieties communicated to us by M. Brion (also see [Bal11, Section 1]). It is
worked out in detail in any characteristic in [KLS10, Appendix]. We briefly sketch the construction
in characteristic zero. Consider the fiber product morphism
mvw := m
v ×X mw : Zv ×X Zw → Xv ×X Xw = Xvw,
which is a smooth desingularization. It is an isomorphism over the intersection Cvw := Cv ∩ Cw
of the Bruhat cells, where Cv := B−vB/B ⊂ G/B and (as earlier) Cw := BwB/B. Moreover, the
complement of Cvw inside Zvw, considered as a reduced divisor, is a simple normal crossing divisor.
(To prove these assertions, observe that by Kleiman’s transversality theorem [Har77, Theorem
10.8, Chap. III], the fiber product Zv ×X gZw is smooth for a general g ∈ G and hence for some
g ∈ B−B. But since Zw is a B-variety and Zv is a B−-variety,
Zv ×X gZw ≃ Zv ×X Zw.
Moreover, Zv×X Zw is irreducible since each of its irreducible components is of the same dimension
equal to ℓ(w) − ℓ(v) and the complement of Cvw in Zv ×X Zw is of dimension < ℓ(w) − ℓ(v).)
Lemma 4.3. With the notation as above (still in characteristic zero), for any v ≤ w, the Richardson
variety Xvw is irreducible, normal and Cohen-Macaulay.
This is proven in the finite case in [Bri02, Lemma 2] and [BL03, Lemma 1]. The same result
(with a similar proof as in [Bri02]) also holds in the Kac-Moody case (cf. [Kum12, Proposition
6.5]). Also see [KLS10] for some discussion in characteristic p > 0.
Lemma 4.4. For any symmetrizable Kac-Moody group G, and any v ≤ w ∈ W, the canonical
divisor KXvw of Xvw is given by:
KXvw = OXvw[−∂Xvw],
where ∂Xvw is considered as a reduced divisor.
Proof. The finite case can be found in [Bri05, Theorem 4.2.1(i)]. The detailed proof for the general
symmetrizable Kac-Moody group can be found in [Kum12, Lemma 8.5]. We give a brief idea here.
Since Xvw is Cohen-Macaulay by [Kum12, Proposition 5.6] (in particular, so is Xw) and the
codimension of Xvw in Xw is ℓ(v), the dualizing sheaf
(6) ωXvw ≃ E xtℓ(v)OXw
(
OXvw , ωXw
)
,
(cf. [E95, Theorm 21.15]). Observing that depth(ωXw) = depth(OXw), as OXw-modules, (cf. [E95,
Theorem 21.8])
(7) E xtℓ(v)
OXw
(
OXvw , ωXw
)
≃ E xtℓ(v)
O
¯X
(
OXv,O ¯X
)
⊗O
¯X ωXw,
where ¯X is the ‘thick’ flag variety. By [GK08, Proposition 2.2], as T -equivariant sheaves,
(8) ωXw ≃ C−ρ ⊗ L(−ρ) ⊗ OXw(−∂Xw).
Similarly, by [Kum12, Theorem 10.4] (due to Kashiwara),
(9) ωXv ≃ Cρ ⊗ L(−ρ) ⊗ OXv(−∂Xv).
Similar to the identity (6), we also have
(10) ωXv ≃ E xtℓ(v)O
¯X
(
OXv , ω ¯X
)
,
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Since ω
¯X ≃ L(−2ρ), combining the isomorphisms (6) - (10), we get
ωXvw ≃ OXv(−∂Xv) ⊗O ¯X OXw(−∂Xw).
Now, the lemma follows since all the intersections Xv ∩ Xw, (∂Xv)∩ Xw, Xv ∩ ∂Xw and ∂(Xv)∩ ∂Xw
are proper. In fact, we need the corresponding local Tor vanishing result (cf. [Kum12, Lemma
5.5]). 
We are now ready to prove Theorem 3.2 in the finite case. The basic strategy is similar to the
proof that toric varieties have KLT singularities (and in fact are log Fano) [CLS11, Section 11.4].
4.5. Proof of Theorem 3.2 in the finite case. Let us denote Zv ×X Zw by Zvw. Consider the desin-
gularization
mvw : Zvw → Xvw,
as in § 4.2.
By [BK05, Proposition 2.2.2], the canonical line bundle of Zw is isomorphic with the line bundle
Lw(−ρ) ⊗ OZw[−∂Zw],
where Lw(−ρ) is the pull-back of the line bundle L(−ρ) to Zw via the morphism mw and ∂Zw is the
reduced divisor Zw\Cw.
Similarly, the canonical line bundle of Zv is isomorphic with
Lv(−ρ) ⊗ OZv[−∂Zv],
where Lv(−ρ) is the pull-back of the line bundle L(−ρ) to Zv via mv and ∂Zv is the reduced divisor
Zv\Cv.
Thus, by adapting the proof of [Bri02, Lemma 1],
ωZvw  ωZv ⊗OX ωZw ⊗OX (mvw)∗ω−1X
= OZvw[−∂Zvw],(11)
where ∂Zvw is the reduced divisor
(∂Zv ×X Zw) ∪ (Zv ×X ∂Zw).
Consider the desingularization
mvw : Z
v
w → X
v
w.
Note that mvw is an isomorphism outside of ∂Zvw.
By Lemma 4.4,
KXvw = −
∑
Xi,
where we have written ∂Xvw = ∪Xi as the union of prime divisors. Thus, by (5),
(12) KXvw + ∆ = −
1
N
∑
biXi,
which is a Q-Cartier divisor by (4).
We next calculate Exc(mvw) and the proper transform ∆′ of ∆ under the desingularization mvw :
Zvw → Xvw.
Any irreducible component Xi of ∂Xvw is of the form Xv
′
w or Xvw′ for some v → v′ and w′ → w,
where the notation w′ → w means that ℓ(w) = ℓ(w′) + 1 and w = sαw′, for some reflection sα
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through a positive (not necessarily simple) root α. Conversely, any Xv′w and Xvw′ (for v → v′ and
w′ → w) is an irreducible component of ∂Xvw. Thus, we have the prime decomposition
∂Xvw =
(
∪v→v′Xv
′
w
)
∪
(
∪w′→wXvw′
)
.
We define Zi as the prime divisor (of the resolution Zvw) Zv
′
×X Zw if Xi = Xv
′
w or Zv ×X Zw′ if
Xi = Xvw′ . Thus, the strict transform of ∆ can be written as
(13) ∆′ =
∑
i
(
1 −
bi
N
)
Zi.
We now calculate E = Emvw(∆). By definition (cf. (1)),
(14) E = (KZvw + ∆′) −
1
N
(mvw)∗(N(KXvw + ∆)).
Consider the prime decomposition of the reduced divisor ∂Zvw:
(15) ∂Zvw = (∪iZi) ∪
(
∪ jZ′j
)
,
where Z′j are the irreducible components of ∂Zvw which are not of the form Zi. The line bundle
L(2ρ)|Xvw has a section vanishing exactly on the set ∂Xvw. To see this, consider the Borel-Weil
isomorphism
β : V(ρ)∗ → H0(G/B,L(ρ)), β(χ)(gB) = [g, (g−1χ)|Cv+ ],
where V(ρ) is the irreducible G-module with highest weight ρ and v+ ∈ V(ρ) is a highest weight
vector. Let χv be the unique (up to a scalar multiple) vector of V(ρ)∗ with weight −vρ. Now, take
the section β(χv) · β(χw) of the line bundle L(2ρ)|Xvw . Then, it has the zero set precisely equal to
∂Xvw, since the zero set Z(β(χv)|Xv) of β(χv)|Xv is given by
Z(β(χv)|Xv) = {gB ∈ Xv : χv(gv+) = 0}
=
⋃
v′>v
B−v′B/B
= ∂Xv.
We fix H = ∑i biXi to be the divisor corresponding to the section β(χv) · β(χw) of the line bundle
L(2ρ)|Xvw as in (4). Observe that the coefficients of mvw∗H =
∑
i biZi+
∑
j d jZ′j are all strictly positive
integers.
Thus, by combining the identities (4), (11)–(15), we get
E = −
∑
i
bi
N
Zi −
∑
j
Z′j +
1
N
mvw
∗(H)
= −
∑
i
bi
N
Zi −
∑
j
Z′j +
1
N
∑
i
biZi +
1
N
∑
d jZ′j,
=
∑
j
(d j
N
− 1
)
Z′j,
for some d j ∈ N (since the zero set of a certain section of L(2ρ)|Xvw is precisely equal to ∂Xvw and all
the Z′j lie over ∂Xvw). Thus, the coefficient e j of Z′j in E satisfies −1 < e j.
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Finally, observe that Exc(mvw)+∆′ is aQ-divisor with simple normal crossings since Supp (Exc(mvw)+
∆
′) ⊂ ∂Zvw and the latter is a simple normal crossing divisor since
∂Zvw = Zvw \ Cvw,
(cf. §4.2).
This completes the proof of Theorem 3.2 in the finite case. 
Remark 4.5. The above proof crucially uses the explicit BSDH type resolution of the Richardson
varieties Xvw given in §4.2. This resolution is available in the finite case, but we are not aware of
such an explicit resolution in the Kac-Moody case. This is the main reason that we need to handle
the general Kac-Moody case differently.
5. Proof of Theorem 3.2 in the Kac-Moody case
Our proof of Theorem 3.2 in the general Kac-Moody case is more involved. It requires the use
of characteristic p methods; in particular, the Frobenius splitting.
For the construction of the flag variety X = G/B, Schubert subvarieties Xw, opposite Schubert
subvarieties Xv (and thus the Richardson varieties Xvw) associated to any Kac-Moody group G over
an algebraically closed field k, we refer to [T81], [T82], [T85], [Mat88] and [Mat89].
Let k be an algebraically closed field of characteristic p > 0. Let Y : Y0 ⊂ Y1 ⊂ . . . be an
ind-variety over k and let OY be its structure sheaf (cf. [Kum02, Definition 4.1.1]). The absolute
Frobenius morphism
FY : Y −→ Y
is the identity on the underlying space of Y , and the p-th power map on the structure sheaf OY .
Consider the OY -linear Frobenius map
F# : OY → F∗OY , f 7→ f p.
Identical to the definition of Frobenius split varieties, we have the following definition for ind-
varieties.
Definition 5.1. An ind-variety Y is called Frobenius split (or just split) if the OY-linear map F#
splits, i.e., there exists an OY-linear map
ϕ : F∗OY −→ OY
such that the composition ϕ ◦ F# is the identity of OY . Any such ϕ is called a splitting.
A closed ind-subvariety Z of Y is compatibly split under the splitting ϕ if
ϕ(F∗IZ) ⊆ IZ,
where IZ ⊂ OY is the ideal sheaf of Z.
Clearly, a splitting of Y is equivalent to a sequence of splittings ϕn of Yn such that ϕn compatibly
splits Yn−1 inducing the splitting ϕn−1 on Yn−1.
Let B be the standard Borel subgroup of any Kac-Moody group G over an algebraically closed
field k of characteristic p > 0 and T ⊂ B the standard maximal torus. For any real root β, let Uβ be
the corresponding root subgroup. Then, there exists an algebraic group isomorphism εβ : Ga → Uβ
satisfying
tεβ(z)t−1 = εβ(β(t)z),
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for z ∈ Ga and t ∈ T . For any B-locally finite algebraic representation V of B, v ∈ V and z ∈ Ga,
εβ(z) v =
∑
m≥0
zm
(
e
(m)
β
· v
)
,
where e(m)
β
denotes the m-th divided power of the root vector eβ, which is, by definition, the deriv-
ative of εβ at 0.
Now, we come to the definition of B-canonical splittings for ind-varieties (cf. [BK05, Section
4.1] for more details in the finite case).
Definition 5.2. Let Y be a B-ind-variety, i.e., B acts on the ind-variety Y via ind-variety iso-
morphisms. Let EndF(Y) := Hom(F∗OY ,OY) be the additive group of all the OY-module maps
F∗OY → OY . Recall that F∗OY can canonically be identified with OY as a sheaf of abelian groups
on Y; however, the OY-module structure is given by f ⊙ g := f pg, for f , g ∈ OY . Since Y is a
B-ind-variety, B acts on EndF(Y) by
(b ∗ ψ)s = b(ψ(b−1s)), for b ∈ B, ψ ∈ EndF(Y) and s ∈ F∗OY ,
where the action of B on F∗OY is defined to be the standard action of B on OY under the identi-
fication F∗OY = OY (as sheaves of abelian groups). We define the k-linear structure on EndF(Y)
by
(z ∗ ψ)s = ψ(zs) = z1/pψ(s),
for z ∈ k, ψ ∈ EndF(Y) and s ∈ OY .
A splitting φ ∈ EndF(Y) is called a B-canonical splitting if φ satisfies the following conditions:
(a) φ is T -invariant, i.e.,
t ∗ φ = φ, for all t ∈ T.
(b) For any simple root αi, 1 ≤ i ≤ ℓ, there exist φi, j ∈ EndF(X), 0 ≤ j ≤ p − 1, such that
(16) εαi(z) ∗ φ =
p−1∑
j=0
z j ∗ φi, j, for all z ∈ Ga.
The definition of B−-canonical is of course parallel.
Before we come to the proof of Theorem 3.2 for the Kac-Moody case, we need the following
results.
The following result in the symmetrizable Kac-Moody case is due to O. Mathieu (unpublished).
(For a proof in the finite case, see [BK05, Theorem 2.3.2].) Since Mathieu’s proof is unpublished,
we briefly give an outline of his proof contained in [Mat11].
Proposition 5.3. Consider the Richardson variety Xvw(k) (for any v ≤ w) over an algebraically
closed field k of characteristic p > 0. Then, Xvw(k) is Frobenius split compatibly splitting its
boundary ∂Xvw.
Proof. Assertion I: The full flag variety X = X(k) admits a B-canonical splitting.
For any w ∈ W and any reduced decomposition w of w, consider the BSDH desingularization
Zw = Zw(k) of the Schubert variety Xw and the section σ ∈ H0(Zw,OZw[∂Zw]) with the associated
divisor of zeroes (σ)0 = ∂Zw. Clearly, such a section is unique (up to a nonzero scalar mul-
tiple). Take the unique, up to nonzero multiple, nonzero section θ ∈ H0(Zw,Lw(ρ)) of weight
−ρ. (Such a section exists since H0(Zw,Lw(ρ)) → H0({1},Lw(ρ)|{1}) is surjective by [BK05, The-
orem 3.1.4], where 1 := [1, . . . , 1] ∈ Zw and [1, . . . , 1] denotes the Bℓ(w)-orbit of (1, . . . , 1) as
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in [BK05, Definition 2.2.1]. Moreover, such a section is unique up to a scalar multiple since
H0(Zw,Lw(ρ))∗ ≃ H0(Xw,L(ρ)|Xw)∗ ֒→ V(ρ).) By the above, the section θ does not vanish at the
base point 1. Thus, by [BK05, Proposition 1.3.11 and Proposition 2.2.2], (σθ)p−1 provides a split-
ting σˆw of Zw compatibly splitting ∂Zw. Since the Schubert variety Xw is normal, the splitting σˆw
descends to give a splitting σˆw of Xw compatibly splitting all the Schubert subvarieties of Xw.
Now, the splitting σˆw is B-canonical and it is the unique B-canonical splitting of Zw (cf. [BK05,
Exercise 4.1.E.2]; even though this exercise is for finite dimensional G, the same proof works for
the Kac-Moody case). We claim that the induced splittings σˆw of Xw are compatible to give a
splitting of X = ∪wXw. Take v, w ∈ W and choose u ∈ W with v ≤ u and w ≤ u. Choose a reduced
word u of u. Then there is a reduced subword v (resp. w) of u corresponding to v (resp. w). The
B-canonical splitting σˆu of Zu (by the uniqueness of the B-canonical splittings of Zv) restricts to
the B-canonical splitting σˆv of Zv (and σˆw of Zw). In particular, the splitting σˆu of Xu restricts to
the splitting σˆv of Xv (and σˆw of Xw). This proves the assertion that the splittings σˆu of Xu are
compatible to give a B-canonical splitting σˆ of X. By the same proof as that of [BK05, Proposition
4.1.10], we obtain that the B-canonical splitting σˆ of X is automatically B−-canonical.
Assertion II: The splitting σˆ of X canonically splits the T-fixed points of X.
Take a T -fixed point w˙B ∈ X (for some w ∈ W) and consider the Schubert variety Xw. Then,
w˙B ∈ Xw has an affine open neighborhood Uw ≃ Uw · w˙B/B, where Uw is the unipotent subgroup of
G with Lie algebra ⊕gα
α∈R+∩wR−
. In particular, the ring k[Uww˙B/B] of regular functions, as a T -module,
has weights lying in the cone ∑
α∈R−∩wR+
Z+α and the T -invariants k[Uww˙B/B]T in k[Uww˙B/B] are
only the constant functions. Since any B-canonical splitting is T -equivariant by definition, it takes
the λ-eigenspace k[Uww˙B/B]λ to k[Uww˙B/B]λ/p (cf. [BK05, §4.1.4]). This shows that the ideal of
{w˙} in k[Uww˙B/B] is stable under σˆ. Thus {w˙} is compatibly split under σˆ.
Assertion III: Xw is compatibly split under σˆ.
Since σˆ is B−-canonical, by [BK05, Proposition 4.1.8], for any closed ind-subvariety Y of X
which is compatibly split under σˆ, the B−-orbit closure B−Y ⊂ X is also compatibly split. In
particular, the opposite Schubert variety Xw := B−w˙B/B is compatibly split.
Thus, we get that the Richardson varieties Xvw (for v ≤ w) are compatibly split under the splitting
σˆ of X. Since the boundary ∂Xvw is a union of other Richardson varieties, the boundary also is
compatibly split. This proves the proposition. 
We need the following general result. First we recall a definition.
Definition 5.4. Suppose that X is a normal variety over an algebraically closed field of character-
istic p > 0 and D is an effective Q-divisor on X. The pair (X, D) is called sharply F-pure if, for
every point x ∈ X, there exists an integer e ≥ 1 such that e-iterated Frobenius map
OX,x → Fe∗
(
OX,x(⌈(pe − 1)D⌉))
admits an OX,x-module splitting. In fact, if there exists a splitting for one e > 0, by composing
maps, we obtain a Frobenius splitting for all sufficiently divisible e > 0.
Note that by definition, if OX → Fe∗OX is split relative to a divisor D, then the pair (X, 1pe−1 D) is
sharply F-pure.
Note that being sharply F-pure is a purely local condition, unlike being F-split.
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Proposition 5.5. Let X be an irreducible normal variety over a field of characteristic p > 0 and
D =
∑
i
Di a reduced divisor in X. Assume further that X is Frobenius split compatibly splitting
Supp D. Then, the pair (X, D) is sharply F-pure.
Proof. Note that we have a global splitting of OX(−D) → F∗OX(−D). Twisting both sides by D
and applying the projection formula gives us a global splitting of OX → F∗OX((p − 1)D). We may
localize this at any stalk and take e = 1. 
By Lemma 4.3, the Richardson varieties Xvw are normal in characterstic 0; in particular, they are
normal in characterstics p ≫ 0. Thus, combining Propositions 5.3 and 5.5, we get the following.
Corollary 5.6. With the notation as above, for any v ≤ w, (Xvw, ∂Xvw) is sharply F-pure in charac-
terstics p ≫ 0.
We also recall the following from [HW02, Theorem 3.7]. It should be mentioned that even
though in loc. cit. the result is proved in the local situation, the same proof works for projective
varieties. We sketch a proof for the convenience of the reader.
Theorem 5.7. Let X be an irreducible normal variety over a field of characteristic 0 and let D be
an effective Q-divisor on X such that KX+D isQ-Cartier and such that ⌈D⌉ is reduced and effective
(i.e., the coefficients of D are in [0, 1]). If the reduction (Xp, Dp) mod p of (X, D) is sharply F-pure
for infinitely many primes p, then (X, D) is log canonical.
Proof. (Sketch) Fix a log resolution π : ˜X → X of (X, D) and write
Eπ(D) − D′ = K ˜X −
1
n
(
π∗(nKX + nD))
for a choice of K ˜X agreeing with KX wherever π is an isomorphism as in (1). We need to show that
the coefficients of Eπ(D) are ≥ −1. We reduce the entire setup to some characteristic p ≫ 0 where
(Xp, Dp) is sharply F-pure (for a discussion of this process, see [HW02] or see [BK05, Chapter
1.6] in the special case when the varieties are defined over Z).
Fix x ∈ Xp. We have a Frobenius splitting φ:
OXp,x


// Fe∗OXp,x
φ
55


// Fe∗OXp,x(⌈(pe − 1)Dp,x⌉) // OXp,x ,
for some e ≥ 1. This splitting φ ∈ Hom(Fe∗OXp,x,OXp,x) corresponds to a divisor Bx ≥ ⌈(pe−1)Dp,x⌉
on SpecOXp,x, which is linearly equivalent to (1 − pe)KXp,x as in [BK05, §1.3]. Set ∆ = 1pe−1 Bx.
Observe that (pe − 1)(KXp ,x + ∆) is linearly equivalent to 0; and thus KXp,x + ∆ is Q-Cartier. Since
∆ =
1
pe − 1
Bx ≥
1
pe − 1
⌈(pe − 1)Dp,x⌉ ≥ Dp,x,
we know
Eπp(Dp,x) ≥ Eπp (∆) .
Therefore, it is sufficient to prove that the coefficients of Eπp (∆) are ≥ −1. Note that it is possible
that πp is not a log resolution for ∆, but this will not matter for us.
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We can factor the splitting φ as follows (we leave this verification to the reader):
Fe∗OXp,x
φ
33


// Fe∗OXp,x(⌈(pe − 1)Dp,x⌉) 

// Fe∗OXp,x((pe − 1)∆)
ψ
// OXp,x .
Let C be any prime exceptional divisor of πp : ˜Xp → Xp with generic point η and let O ˜Xp,η be the
associated valuation ring. Let a ∈ Q be the coefficient of C in Eπp (∆). There are two cases:
(i) a > 0
(ii) a ≤ 0.
Since we are trying to prove that a ≥ −1, if we are in case (i), we are already done. Therefore, we
may assume that a ≤ 0. By tensoring φ with the fraction field K(Xp) = K( ˜Xp), we obtain a map
φK(Xp) : Fe∗K(Xp) → K(Xp).
Claim 5.8. By restricting φK(Xp) to the stalk Fe∗O ˜Xp,η, we obtain a map φη which factors as:
φη : Fe∗O ˜Xp,η ֒→ F
e
∗O ˜Xp,η
(
− a(pe − 1)C
)
→ O ˜Xp,η.
Proof of the claim. Indeed, similar arguments are used to prove Grauert-Riemenschneider vanish-
ing for Frobenius split varieties [MvdK92], [BK05, Theorem 1.3.14]. We briefly sketch the idea
of the proof.
We identify ψ with a section s ∈ OXp,x((1− pe)(KXp ,x+∆))  HomOXp ,x(Fe∗OXp,x((pe−1)∆),OXp,x).
Recall that π∗(1− pe)(KXp ,x +∆) = (1− pe)K ˜Xp,η − (1− pe)Eπp(∆)+ (1− pe)∆′, where ∆′ is the strict
transform of ∆. Thus we can pull s back to a section
t := π∗s ∈ O ˜Xp,η(π∗(1 − pe)(KXp,x + ∆))
= O ˜Xp,η
(
(1 − pe)K ˜Xp,η − (1 − pe)Eπp (∆) + (1 − pe)∆′
)
= O ˜Xp,η
(
(1 − pe)K ˜Xp,η − (1 − pe)aC
)
 HomO
˜Xp ,η
(
Fe∗O ˜Xp,η(−a(pe − 1)C),O ˜Xp,η
)
.
It is not hard to see that the homomorphism ψη : Fe∗O ˜Xp,η(−a(pe − 1)C) → O ˜Xp,η corresponding to
t can be chosen to agree with ψ on the fraction field K(X) = K( ˜X), we leave this verification to
the reader. It follows that φη is the composition Fe∗O ˜Xp,η ֒→ Fe∗O ˜Xp,η(−a(pe − 1)C)
ψη
−→ O ˜Xp,η. This
concludes the proof of the claim. 
Now we complete the proof of Theorem5.7. Note that φη is a splitting because φ was a splitting
and both the maps agree on the field of fractions. Therefore, 0 ≤ −a(pe − 1) ≤ pe − 1 since the
splitting along a divisor can not vanish to order greater than pe − 1. Dividing by (1 − pe) proves
that a ≥ −1 as desired. 
We also recall the following.
Lemma 5.9. Let X be an irreducible normal projective variety over C and let D = ∑ aiDi be an
effective Q-divisor on X such that X\ Supp D is smooth and (X, D) is log canonical. Now, consider
a Q-divisor ∆ = ∑ ciDi with ci ∈ [0, 1) and ci < ai for all i, such that KX + ∆ is Q-Cartier. Then,
(X,∆) is KLT.
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Proof. We may choose a resolution of singularities π : ˜X → X which is a log resolution for (X, D)
(and hence also for (X,∆)) by [Hir64]. Furthermore, we may assume that π is an isomorphism over
X \ Supp(D) ⊆ X \ Supp(∆). Therefore, we see that
Eπ(∆) = K ˜X −
1
n
π∗
(
n(KX + ∆)) + ∆′ ≥ K ˜X − 1
n
π∗
(
n(KX + D)) + D′ = Eπ(D)
with strict inequality in every nonzero coefficient. Since every coefficient of Eπ(D) is ≥ −1, we are
done. 
We now come to the proof of Theorem 3.2 in the Kac-Moody case.
Proof of Theorem 3.2. We begin by reducing our entire setup to characteristic p ≫ 0.
By Corollary 5.6, (Xvw(k), ∂Xvw(k)) is sharply F-pure for any algebraically closed field k of char-
acteristic p ≫ 0. Moreover, KXvw + ∂Xvw = 0 by Lemma 4.4; in particular, it is Cartier.
Hence, returning now to characteristic zero, by Theorem 5.7, (Xvw, ∂Xvw) is log canonical. Fur-
thermore, the Q-divisor ∆ = ∑
i
(1 − biN )Xi, where ∂Xvw =
∑
Xi, clearly satisfies all the assumptions
of Lemma 5.9. Thus, (Xvw,∆) is KLT, proving Theorem 3.2 in the Kac-Moody case as well. 
Remark 5.10. One can define KLT singularities in positive characteristic too by considering all
valuations on all normal birational models. In particular, a similar argument shows that any normal
Richardson variety is KLT in characteristic p > 0 as well. (It is expected that, for any symmetriz-
able Kac-Moody group, all the Richardson varieties Xvw are normal in any characteristic.)
References
[AB04] V. Alexeev and M. Brion: Stable reductive varieties. II. Projective case, Adv. Math. 184 (2004), no. 2,
380–408. 2054021 (2005c:14012)
[AS12] D. Anderson and A. Stapledon: Schubert varieties are log Fano over the integers, arXiv:1203.6678, to
appear in Proc. Amer. Math. Soc.
[Bal11] M. Balan: Standard monomial theory for desingularized Richardson varieties in the flag variety gl(n)/b,
arXiv:1107.3654.
[BiK10] S. Billey and I. Coskun: Singularities of generalized Richardson varieties, arXiv:1008.2785.
[Bri02] M. Brion: Positivity in the Grothendieck group of complex flag varieties, J. Algebra 258 (2002), no. 1,
137–159, Special issue in celebration of Claudio Procesi’s 60th birthday. 1958901 (2003m:14017)
[Bri05] M. Brion: Lectures on the geometry of flag varieties, Topics in cohomological studies of algebraic vari-
eties, Trends Math., Birkha¨user, Basel, 2005, pp. 33–85. 2143072 (2006f:14058)
[BK05] M. Brion and S. Kumar: Frobenius Splitting Methods in Geometry and Representation Theory, Progress
in Mathematics, vol. 231, Birkha¨user, Boston, MA, 2005. MR2107324 (2005k:14104)
[BL03] M. Brion and V. Lakshmibai: A geometric approach to standard monomial theory, Represent. Theory 7
(2003), 651–680 (electronic). 2017071 (2004m:14106)
[CLS11] D. A. Cox, J. B. Little, and H. K. Schenck: Toric Varieties, Graduate Studies in Mathematics, vol. 124,
American Mathematical Society, Providence, RI, 2011. 2810322
[Deb01] O. Debarre: Higher-Dimensional Algebraic Geometry, Universitext, Springer-Verlag, New York, 2001.
1841091 (2002g:14001)
[E95] D. Eisenbud: Commutative Algebra with a View Toward Algebraic Geometry, GTM (150), Springer-
Verlag, 1995.
[Elk81] R. Elkik: Rationalite´ des singularite´s canoniques, Invent. Math. 64 (1981), no. 1, 1–6. MR621766
(83a:14003)
[GK08] W. Graham and S. Kumar: On positivity in T-equivariant K-theory of flag varieties, Int. Math. Res. Not.
(2008), Art. ID rnn 093, 43. 2439542 (2009g:14061)
[HW02] N. Hara and K.-I. Watanabe: F-regular and F-pure rings vs. log terminal and log canonical singularities,
J. Algebraic Geom. 11 (2002), no. 2, 363–392. MR1874118 (2002k:13009)
[Har77] R. Hartshorne: Algebraic Geometry, Graduate Texts in Mathematics, No. 52, Springer-Verlag, New York,
1977. MR0463157 (57 #3116)
[Hir64] H. Hironaka: Resolution of singularities of an algebraic variety over a field of characteristic zero. I, II,
Ann. of Math. (2) 79 (1964), 109–203; ibid. (2) 79 (1964), 205–326. MR0199184 (33 #7333)
[Hsi11] J.-C. Hsiao: Multiplier ideals on determinantal varieties, preprint.
[KS09] M. Kashiwara andM. Shimozono: Equivariant K-theory of affine flag manifolds and affine Grothendieck
polynomials, Duke Math. J. 148 (2009), no. 3, 501–538. 2527324 (2011c:19013)
[KLS10] A. Knutson, T. Lam, and D. E. Speyer: Projections of Richardson varieties, arXiv:1008.3939, to appear
in J. Reine Angew. Math.
[KWY12] A. Knutson, A. Woo, and A. Yong: Singularities of Richardson varieties, arXiv:1209.4146.
[KM98] J. Kolla´r and S. Mori: Birational Geometry of Algebraic Varieties, Cambridge Tracts in Mathematics,
vol. 134, Cambridge University Press, Cambridge, 1998. MR1658959 (2000b:14018)
[Kum02] S. Kumar: Kac-Moody Groups, their Flag Varieties and Representation Theory, Progress in Mathematics,
vol. 204, Birkha¨user, Boston, MA, 2002. 1923198 (2003k:22022)
[Kum12] S. Kumar: Positivity in T-equivariant K-theory of flag varieties associated to Kac-Moody groups (with an
appendix by M. Kashiwara), arXiv:1209.6422.
[Mat88] O. Mathieu: Formules de caracte`res pour les alge`bres de Kac-Moody ge´ne´rales, Aste´risque 159–160
(1988), 1–267. MR0980506 (90d:17024)
[Mat89] O. Mathieu: Construction d’un groupe de Kac-Moody et applications, Compositio Math. 69 (1989), no. 1,
37–60. 986812 (90f:17012)
[Mat11] O. Mathieu: Letter to S. Kumar (21 February, 2011).
[MvdK92] V. B. Mehta and W. van der Kallen: On a Grauert-Riemenschneider vanishing theorem for Frobenius
split varieties in characteristic p, Invent. Math. 108 (1992), no. 1, 11–13. 1156382 (93a:14017)
[T81] J. Tits: Re´sume´ de cours, Annuaire Colle`ge de France 81 (1980–81), 75–87.
[T82] J. Tits: Re´sume´ de cours, Annuaire Colle`ge de France 82 (1981–82), 91–106.
[T85] J. Tits: Groups and group functors attached to Kac-Moody data, in: Lecture Notes in Mathematics vol.
1111, (1985), 193–223. MR0797422 (87a:22032)
S.K.: Department ofMathematics, University of North Carolina, Chapel Hill, NC 27599-3250, USA
E-mail address: shrawan@email.unc.edu
K.S.: Department ofMathematics, Penn State University, University Park, PA 16802, USA
E-mail address: schwede@math.psu.edu
15
